Abstract. The goal of this paper is to study weakly Einstein critical metrics of the volume functional on a compact manifold M with smooth boundary ∂M . Here, we prove that an n-dimensional, n = 3 or 4, weakly Einstein critical metric of the volume functional with nonnegative scalar curvature must be isometric to a geodesic ball in a simply connected space form R n or S n . Moreover, in the higher dimensional case (n ≥ 5), we will established a similar result for weakly Einstein critical metric under a suitable constraint on the Weyl tensor.
Introduction
Let M n (n ≥ 3) be a connected, compact n-dimensional manifold with smooth boundary ∂M with a fixed metric γ. In 2009, Miao and Tam [24] proved that if the first Dirichlet eigenvalue of (n − 1)∆ g + R on M is positive, then g is a critical point of the volume functional restricted to the subset of Riemannian metrics with constant scalar curvature R and prescribed boundary metric γ if and only if there is a smooth function f on M such that f | ∂M = 0, and satisfying the following system of PDE's (1.1) − (∆ g f )g + Hess g f − f Ric g = g,
where Ric g and Hess g f stand, respectively, for the Ricci tensor and the Hessian of f associated to g on M n (see [23] for more details). Hence, following the terminology used in [2, 8, 9, 24] we recall the definition of Miao-Tam critical metric. It is important to recall that trivial examples of Miao-Tam critical metrics are geodesic balls in simply connected space forms. Furthermore, others explicit examples are warped product that include, for instance, the spatial Schwarzschild as well as the AdSSchwarzschild metrics (see Corollaries 3.1 and 3.2 in [24] for more details).
The study of a such critical metric has been subject of interest for many authors. For instance, inspired by the work of Kobayashi and Obata [21, 22] , Miao and Tam in [24] , studied these critical metrics under Einstein and locally conformally flat conditions. For the Einstein case, they were able to prove that critical points of the volume functional are 1 precisely the geodesic balls in simply connected space forms. In fact, the authors obtained the following result.
Theorem 1 (Miao-Tam, [24] Later on, Barros, Diógenes, and Ribeiro classified in [8] these critical metrics for a 4-dimensional simply connected manifold under Bach-flat assumption. Such result was improved by the first author, Batista, and Bezerra for a generic manifold in an arbitrary dimension (see [4, Theorem 2] ). Meanwhile, Barros, and Da Silva presented in [6] , an upper bound for the area of the boundary of a compact n-dimensional oriented Miao-Tam critical metric (see also [5, 9] ). For more references on the critical metrics of the volume functional, see [2, 3, 6, 7, 9, 20, 25] , and references therein.
In order to proceed, it is fundamental to remember that a Riemannian manifold is said to be weakly Einstein if the Riemannian curvature operator Rm satisfies the following identity
where the 2-tensorȒ ij is defined byȒ ij = R ipqr R jpqr . Such concept was introduced by Euh, Park and Sekigawa in [15] which was inspired by that of a super-Einstein manifold as defined in [18] . Let us point out that weakly Einstein manifolds appear as critical points of a well-known quadratic functional on compact manifold without boundary. More precisely, Catino [11] studied critical points of the functional Based on the previous result, it is natural to ask what occurs in high dimension. In this sense, we shall prove a rigidity result for an n-dimensional Miao-Tam critical metric satisfying the weakly Einstein assumption and a suitable restriction on the Weyl tensor. More precisely, we have the following result. 
) is isometric to a geodesic ball in a simply connected space form R n or H n .
Background
In this section we shall collect some basic results that will be useful in the proof of our main result. We begin by recalling some special tensors as well as some terminology in the study of curvature for a Riemannian manifold (M n , g), n ≥ 3. The Weyl tensor W is defined by the following decomposition formula
where R ijkl stands for the Riemannian curvature tensor, while the Cotton tensor C is defined as follows
When n ≥ 4 we have
for more details about these tensors we refer to [10] . An important remark about the Cotton tensor C ijk is that it is skew-symmetric in the first two indexes and trace-free in any index, that is,
Now, we recall that for operators S, T : H → H defined over an n-dimensional Hilbert space H the Hilbert-Schmidt inner product is defined according to
where tr and * denote, respectively, the trace and the adjoint operation. Moreover, if I denotes the identity operator on H the traceless operator of T is given by (2.6)T = T − trT n I.
1
With this notation in mind, the following curvature expression can be deduced directly from (2.1) and it will be quite useful for our purpose.
) be a Riemannian manifold. Then the following identity holds:
Here,W ij is defined similarly toȒ ij in (1.2).
In the sequel, it is worth reporting here the following interesting formula involving the Weyl tensor in dimension four. We refer readers to [14] for its proof. 
Remark 1. As a consequence of these two previous lemmas is that a four-dimensional Einstein metric is immediately weakly Einstein.
Next, we remember that the fundamental equation of Miao-Tam critical metric is given by (2.8)
Taking the trace of Eq. (2.8) we arrive at (2.9) ∆f + f R + n n − 1 = 0.
By using (2.9) we check immediately that (2.10) fRic =Hessf .
To fix notations, for a Miao-Tam critical metric, we recall the following 3-tensor defined in [8] ,
Note that, T ijk has the same symmetry properties as the Cotton tensor:
Furthermore, we remember that the tensor T ijk is related with to the Cotton tensor C ijk as well as the Weyl tensor W ijkl by (2.12)
To close this section, let us recall a result that can be found in [9, Lemma 5] .
Lemma 3. Let (M n , g, f ) be a Miao-Tam critical metric. Then we have:
M f |Ric| 2 dM + 1 |∇f | ∂MR ic(∇f, ∇f )dσ = 0.
Weakly Einstein Miao-Tam critical metrics
The aim of this section is to prove the rigidity of the Miao-Tam critical metrics under assumption that our Riemannian manifold is weakly Einstein. In order to prove our theorems, we shall start showing that at a point q ∈ ∂M , ∇f is an eigenvector of the Ricci tensor. More precisely, we have the following result. Proof. In fact, we consider an orthonormal frame {e 1 , . . . , e n } diagonalizing Ric at a point q ∈ ∂M n such that ∇f (q) = 0, namely, we have that Ric(e i ) = α i e i , where α i are the associated eigenvalues.
Since we already know that f | ∂M = 0, it follows from Eq. (2.12) that
Thus, by definition of the tensor T ijk , see Eq. (2.11), we get
and consequently, computing this last expression at q ∈ ∂M, we deduce
Hence, if we consider the following nonempty set L = {i; ∇ i f = 0}, then from (3.1) we have α i = α, for all i ∈ L, and therefore
This is what we want to prove.
In what follows, let q ∈ M n be an arbitrary point on ∂M and consider an orthonormal frame {e 1 , e 2 , . . . , e n } in a neighborhood of q contained in M such that e 1 = − ∇f |∇f | . In the sequel, we obtain an important expression in order to prove our results. More precisely, we shall compute the norm of the auxiliary tensor T ijk on ∂M of a Miao-Tam critical metric. 
Proof. We start the proof by using Eq. (2.11) to arrive at
Now, from Lemma 4 we have that R 1a = 0 for any 2 ≤ a ≤ n, and consequently the above expression becomes
So, the proof is completed.
Proceeding, we shall verify that the same identity obtained in [19 
where
Proof. From (2.12) jointly with fact that f | ∂M = 0, we obtain
where in the last step we use the definition of the tensor T ijk , see Eq. (2.11).
On the other hand, we notice that
which by Lemma 4 we can infer
Hence, comparing (3.2) with (3.3) we get
So, it suffices to substitute this equality in Lemma 5 to conclude the proof of the lemma. Now, through the weakly Einstein condition, we can also show the next lemma. to the boundary ∂M, we have the following identity
Proof. First of all, by Lemma 1 and our assumption that M n satisfies the weakly Einstein condition, we obtain
which can be rewritten, using Eq. (2.12) and Lemma 4, as
Now, by equation (3.2) jointly with Lemma 5, it is easy to verify that the above identity becomes
as desired.
Proof of Theorems 2 and 3.
Proof. It is well known that in the three-dimensional case the Weyl tensor vanishes completely. Hence, when we restrict to this case it is not difficult to see that, substituting Lemma 6 into Lemma 7, we obtain (3.5)
Furthermore, taking into account that the scalar curvature is nonnegative, it follows from (3.5) thatR 11 ≥ 0. Then, we are in position to use Lemma 3 to infer that (M n , g) is a Einstein manifold, and by Theorem 1, we may conclude that (M n , g) is isometric to a geodesic ball in a simply connected space form R 3 or S 3 , which proves Theorem 2.
In what follows we shall consider the indexes a, b, c, d ∈ {2, . . . , n}. Now, we claim that
on the boundary ∂M. In fact, using (3.2) and (3.4) we obtain
In order to proceed, noticing that W 1jka = 1 |∇f | T akj we use the symmetries of Weyl tensor to arrive at
Thus, analyzing each possibility in the above expression, it is immediate to check that this data substituted in (3. and since we already known that W abc1 = 0, clearly we obtain Identity (3.6). Next, with a straightforward computation using Lemma 6 and Lemma 7 we can deduce the following identity 4R n(n − 1)
which from Eq. (3.6) allow us to conclude a key inequality in the four-dimensional case, i.e.,
So, when scalar curvature is positive, we getR 11 ≥ 0. Then, the result follows from Lemma 3 combined with Theorem 1. Now we shall restrict to a 4-dimensional weakly Einstein critical metric with R = 0. With this consideration in mind, it follows from Lemma 1 and Lemma 2 that (3.9)
W ikjl R kl = 0.
Consequently, taking the derivative in the above expression, and using Eq. (2.3), we obtain
Then, computing Identity (3.10) in ∇f , and changing the index for simplicity, we deduce
